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ABSTRACT

The present work is devoted to the study of certain subclasses of
analytic functions and meromorphic functions defined in the unit disk
A={z:]z| <1}

Let A(p, m) consists of analytic p-valent functions of the form f(z) =
P4y anz" in Al A subclass of A(p, m) with negative coefficients is
introduced. We obtain coefficient inequalities for this subclass. Distor-
tion and growth estimates for functions in this class as well as inclusion
and closure properties are also determined. A representation theorem
is derived and it is proved that the subclass is closed under the Bernardi
integral operator.

Let X, be the class of meromorphic functions of the form f(z) =
zip + Z,iilfp apz® defined in the unit disk A. Functions in >, are
analytic in the punctured unit disk A* = A — {0}. Inequalities are
obtained for meromorphic functions in ¥, which are associated with
the Liu-Srivastava linear operator Hll;m and the multiplier transform
I,(n,\). In addition, we obtain sufficient conditions for f € 3, to

satisfy a growth inequality.
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FUNGSI ANALISIS BERPEKALI NEGATIF
DAN FUNGSI MEROMORFIK YANG
DIJANAKAN MELALUI
PENJELMAAN LIU-SRIVASTAVA

ABSTRAK

Kajian ditumpukan kepada beberapa subkelas fungsi analisis dan
fungsi meromorfik yang tertakrif pada cakera unit A = {z: |z| < 1}.

Andaikan A(p, m) mengandungi fungsi-fungsi analisis p-valen yang
berbentuk f(z) = 2/ + > ° a,2" pada A. Suatu subkelas bagi
A(p, m) dengan pekali negatif diperkenalkan. Kita mendapatkan batas
atas pekali-pekali bagi subkelas tersebut. Anggaran perubahan dan
pertumbuhan bagi fungsi dalam kelas ini diperolehi, disamping sifat
rangkuman dan tertutup. Teorem perwakilan bagi fungsi dalam ke-
las ini dibuktikan dan penjelmaan kamiran Bernardi ke atas kelas ini
dikaji.

Andaikan ¥, ialah kelas fungsi meromorfik berbentuk f(z) = & +
Zzilfp arz"® yang tertakrif pada cakera unit . Fungsi dalam 3, adalah
analisis di dalam cakera unit berlubang A* = A — {0}. Ketaksamaan
yang melibatkan fungsi-fungsi dalam >, yang dijanakan melalui penjel-
maan linear Liu-Srivastava Hzl;m dan penjelmaan kepelbagaian I,,(n, \)
diperoleh. Kita juga turut memperolehi syarat cukup bagi f € X,

untuk memenuhi suatu ketaksamaan pertumbuhan.
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CHAPTER 1

INTRODUCTION

1.1. Univalent functions

Let A ={z € C: |z] < 1} be the open unit disk in the complex
plane. Let A consists of all analytic functions f : A — C and nor-
malized by the conditions f(0) = 0 = f’(0) — 1. A function f € A is
univalent in A if it is one-to-one in A. Let S denote the class consisting
of all analytic univalent functions f(z) in A. Thus functions in S have

the form

f(2)=2z4a? +as® +..., z€A.

Two important functions in S are given by the following examples.

ExAMPLE 1. The Koebe function is defined by

If k(21) = k(22), then 21 — 22120+ 2125 = 20 — 22120 + 2225 which implies
(Zl — ZQ)(]_ - ZlZQ) = 0.
Since 21,29 € A implies |2122| < 1, we have 1 — 2125 # 0. Hence

21 = z9. This shows that k(z) is univalent in A.

1



Clearly k£(0) = 0 = £’(0) — 1. Thus k(z) = a2 € 5. The function

k maps A univalently onto C \ (—oo, —1/4]. The Koebe function is an

extremal function for many problems in the class S.

EXAMPLE 2. The function 7(2) = % belongs to S. This can be

shown in a similar manner as in the previous example.

1.2. The Bierberbach conjecture

In 1916, Bieberbach proved that if f(z) = 2z + a22® + ... € S, then
las] < 2 and that equality holds if and only if f(z) = k(z) = T OF

one of its rotations. He also conjectured that
la,| <n

for n > 2 and that equality holds if and only if f(z) is either the function
k(z) = ﬁ or one of its rotations. It was only in 1985 that de Branges
[4] provided a complete solution to the Bierberbach conjecture. Prior
to this achievement, the Bierberbach conjecture was shown to be true
for several subclasses of univalent functions. These classes include the
class of starlike functions, the class of convex functions and the class of

close-to convex functions. We shall define these classes later. We now

give a proof of Bieberbach’s result.

THEOREM 1.2.1 (Bieberbach). Let f(z) = z+ag2*+... € S . Then

as| < 2 and equality holds if and only if f(z) = =55 or its rotations.
(1-2)

To prove this theorem we need the following lemma.

2



LEMMA 1.2.2. [12] Ifw(z) = z+Y o, anz~" is univalent in |z| > 1,

then

[e.9]

Z nla,|* < 1.

n=1

PrROOF OF THEOREM 1.2.1. We first show that the function F'(z) =
f(z%) =2+ % + ... 1is univalent in |z| < 1. If F(21) = F(22) then
f(z3) = f(22) . However f(z) being univalent yields z? = 22, that
is, z1 = £2z5. Since F(z) is an odd function, z; = —z, implies that
F(z1) = —F(z2). Thus the only solution of F(z1) = F(z2) is 21 = 29
and consequently F(z) is univalent. It follows that

Cs

(1.2.1) 6(2) = [F(1/2)]" :z—@+%+z—5+...

2z

is an odd univalent function in |z| > 1. Hence, by Lemma 1.2.2
Lo 2
Z__l|a2| +3|C3| +...< 1.
Then
|CL2|2 <4= |CL2| < 2.

If |as| = 2 then ay = 2¢™ so that |_71a2|2 = 1. Since the coefficients of

the function ¢(2) in (1.2.1) satisfies

2
+0+3|es? + 0+ 5les* +... < 1,

—1
—a
5 2
las| = 2 implies
14+ 3les)> +0+5|es* +... < 1.

Consequently, cop,i 1 =0, Vn > 1.
3



The function ¢(z) in (1.2.1) takes the form of

1 el z
= =z——, i F(2) = —.
42) F(1/2) T e () 1 — eiaz?
Thus
2 2 a
= |F = . .
1) = (PO = =y
In other words, f(z) = ez, Which is a rotation of the Koebe
function. g

By using the bound for |as|, we now obtain bounds for |f’(z)| and

|f(2)]. In the proof of these results, we need the following lemmas.

LEMMA 1.2.3. If f(2) is in S, then for any < in A,

11 f7(s)
21 f'(s)

(1-[P) -2 <2,

PROOF. For each fixed ¢ in A, the function
fEH2) - 1)
F© —=1s]?)

is in S. By Theorem 1.2.1, we have

by = |70 = <)
’ 2/'(<)

which yields the desired result. U

9(z) =

=24 b2+ ...

-5 <2

LEMMA 1.2.4. If f(2) is analytic at < = e and f'(s) # 0, then

9 s = e ©)
Qagl |f (g>|_§]%gf/(§)

and

d oo t"(S)
%5, arg(f'(s)) = S¢ 7o)

4



PROOF. Since log f'(¢) = In|f'(s)| + i arg f'(s), we have
0 1 / o 0 ] / . /
05,108 f(s) = o (In|f(<) +dare(f'(s)).
Also
Qa% log f'(s) = @a%(log f’(@))g—z = @‘};,—(s)e”

(<)
B f”(()
)

Therefore

f”(C) B 0 , 0 ,
TG = 05 +ieg (e f/(6))

The result is obtained by comparing the real and imaginary part. [J

1.3. Distortion and growth theorems

THEOREM 1.3.1 (Distortion theorem). If f(z) is in S, then for each
z=re? in A,

1—r 1+7r

G =V El =T

These inequalities are sharp. Equality occurs for the Koebe function

2[s|
1-¢|?

ProoFr. Multiplying the inequality in Lemma 1.2.3 by yields

" 2
') 2P |l

fr6) L=l = 1—[¢*

Writing |¢| by ¢ and using the fact that

o] <B=-B<Ra<PB, —-B<Sa<s,
5



we get

—4p <§R(<f”(€) 20? >< 40

1—02 "~ filc)  1—¢?

and

o " 2
do _ (s 20\ _ 4o
l—= "\ [l 1=0) 7 1-¢

292
1—02

We transpose the real term and use Lemma 1.2.4 to get
20% — 4p

0 20% + 4o
< o—1 ! < =
L= <o mlf(o)] <

1— 02
and

4o 0 40

<o—arg f'(s) <
2 =%, g f'(<) -

We divide by o the first of the above two inequalities and integrate
along the straight line path from z = 0 to z = re® (p runs from 0 to r
and f'(0) = 1) to obtain

1—r
(1+7r)3

1+7r

In W

<In|f(z) <In

We get the desired result by exponentiating. Since for the Koebe func-

tion

vo = () = aa

the inequalities are sharp at z = r and z = —r. Il
We need the following lemma to prove the growth theorem for uni-
valent function.
LEMMA 1.3.2 (10, Theorem 7, p.67). Suppose that f(z) € S satisfies

m'(r) < [f () < M'(r), (0<r<1]z[<7)
6



where m/(r) and M'(r) are real-valued functions of r in [0,1). Then

/07« m/(£)dt < |f(2)] < /0 M'(t)dt.

THEOREM 1.3.3 (Growth Theorem). If f(z) € S, then for |z| <,

PRroOOF. The result follows by taking

1—r7r 1+7r
d M’ =
g MM =0

m'(r) =

in Lemma 1.3.2. O

Since

I r 1
im —— ==
r—1+ (1+7)2 4’

the image of the unit disk under the mapping w = f(z) contains the

disk of radius 1/4. This disk is called the Koebe domain.

THEOREM 1.3.4 (Koebe domain). If f € S, then

f(A) 2{w : Jw| < 1/4}.

The result is sharp for k(z) = (l_zz)g.

7



1.4. Convex and starlike functions

DEFINITION 1.4.1. A set D in the complex plane is said to be
starlike with respect to an interior point wq in D if for each w € D, the
line segment joining w and wy lies entirely in D, i.e., twg+ (1 —t)w € D
for 0 <t < 1. If a function f € S maps A onto a domain that is starlike
with respect to wy, then we say that f(z) is starlike with respect to wy.
In the special case that wy = 0, we simply say that f(z) is a starlike
function.

The class of starlike functions in S will be denoted by S*. The
Koebe function, k(z) = > s an extremal function for many prob-

lems in the class S*.

DEFINITION 1.4.2. A set D in the complex plane is called conver
if for every pair of points w; and ws in D, the line segment joining
wy and ws lies also in D. If a function f € S maps A onto a conver
domain, then f(z) is called a convex function.

Note that D is convex if it is starlike with respect to every point
wo € D. Further, for every pair of points w; and wy in D, the point
twy 4+ (1 —t)wy € D for 0 <t < 1.

The class of convex functions in S will be denoted by C. The

function 7(2) = 1% is an extremal function for many problems in the

class C.



1.5. Convexity and starlikeness of a curve

Consider the image of a curve I', under a function f(z) that is
analytic on I',. In most cases, I', will either be a circle, a line segment,
or some other elementary arc. Hence we shall assume that I', is a

smooth curve with parametrization
z(t) = z(t) +iy(t) (a <t <b)
where z(t) and y(t) are real functions, and

Z(t) =a'(t) +iy'(t) #0

for t in [a,b]. The arc I', is a directed arc, the direction being that
determined as t increases. Let ', be the image of I', under a function
f(2) that is analytic on I', and assume that wg is not on I',,. The
arc I',, is said to be starlike with respect to wy if arg(w — wyg) is a

nondecreasing function of ¢, i.e, if

d
a(arg(w —wp)) >0

t € [a,b]. To convert this inequality to a more useful form, we have

4 arg(w — wp) = %%log(w — wp)

dt

I
G

o[t

| dt
4 log(w — wo)d—z]

Il
&l

dz dt

]
| f(2) —wo dt |~

I
&




LEMMA 1.5.1. The image of ', : z = z2(t) under f(z) is starlike

with respect to wy if and only if

(1.5.1) ) [%z’(t}] >0, te€]la,b].

The arc I',, is said to be convex if the argument of the tangent to
I', is a nondecreasing function of ¢t. The direction of the tangent to
[, is argument 2/(t) and the mapping w = f(z) rotates this tangent
vector through an angle of argument f’(z). Thus the arc I',, is a convex

arc if and only if

dar d

= SO ()] 20, te o],

The same technique used to derive equation (1.5.1) gives

O (2) = 53 g (1) + 1o )
[ d
=g L/(t) + Elogf (Z)E}
. Z”(t) fl,(’Z)Z/
- L/(t) TG (t)]'

LEMMA 1.5.2. Suppose that f'(z) # 0 on T, : z = z(t). Then the

image of I', under f(z) is a convez arc if and only if

ZT%) + J;g)) z’(t)} >0, telab]

(1.5.2) 3 {

We now specialize these formulas by selecting I', to be the circle
Cr : |z| = R with the usual orientation z = Re”, 0 <t < 27. In this

case, 2'(t) = Re" =iz and 2"(t) = —Re" = —z. The inequality (1.5.1)
10



becomes

[l el =

while inequality (1.5.2) becomes

o 7)ol )

for z on Cgk. Thus, a normalized analytic function f is starlike if

and only if f satisfies R {%} > 0, while f is convez if and only if

R {1 + Z]{,/;S)} > 0. In general, we say that f € S is starlike of order

a, if

%{Z]{;S)} >a, (0<a<l)

and convez of order « if

9%{1+ ZJ{;;S)} >a, (0<a<l)

The classes of such functions are denoted by S*(«) and C(«).

THEOREM 1.5.3. If f(2) is in S*(«), then for |z| <,

r T
msv(zﬂﬁm
T / r
WSIf(Z)ISW

All inequalities are sharp, with equality if and only if f(2) is a rotation

of k(z,a) = -

THEOREM 1.5.4. Let f(z) be in C(«). Then for |z| <,

1 , 1
s =&l a5y

11



If « #1/2, then

7,.204—1_
e nIIETE

and if a« = 1/2, then
In(1+7) <|[f(2)] < =In(1 —7).
All inequalities are sharp. The extremal functions are rotations of

L e

if « #1/2, and
f(z) = —log(1 —2)

for a=1/2.

THEOREM 1.5.5 (Alexander Theorem). Let f € A. Then f(z) €

C(a) if and only if F(z) = zf'(z) € S*(«)

PROOF. Since F(z) = zf'(z), we have

Hence

if and only if

%(1+%§§))>a.

Thus f € C(a) if and only if zf" € S*(a). O

12



1.6. Univalent functions with negative coefficients

Let T' C S be the class of all analytic univalent functions f(z) with

negative coefficients of the form

flz)=2z— ianz” (a, > 0).
n=2
For 0 < a < 1,let T'S*(a) and T'C'(«) be the subclasses of T' consisting
of starlike functions of order o and convex functions of order « respec-
tively. Thus T'S*(«a) = TNS*(a) and T'C(a) = TNC(a). These classes
of functions with negative coefficients were introduced and studied by

Silverman [23]. The following results are known.

THEOREM 1.6.1. [23] A function f(z) =z =Y, a,z" € TS*(a)

of and only iof

o0

Z(n—a)an <1l-a.

n=2

COROLLARY 1.6.2. [23] If f(z) =2z — Y 7, a,2" € T'S*(a), then

11—«
an =
n—q
and the result is sharp for f(z) = z — ﬁzn-

THEOREM 1.6.3. [23] If f € TS*(«a), then for |z| <,

(1) 7 — 2=2r2 < |f(2)| < v+ 5=2r% with equality for

2 2
1 -«
—( )22.

2—«

fz)=2-

(2) 1— %7’ <|f'(»)| <1+ %7’ and the result is sharp for




THEOREM 1.6.4. [23] A function f(z) = z—=> ", a,2" is in TC(«)
of and only of

Zn(n—a)an <1-a.

n=2

COROLLARY 1.6.5. [23] If f(z) =2 — Y ", a,2" € TC(a), then

< -«
ap =~ —/——~
n(n — «a)

and the result is sharp for f(z) =z — (1=0) ,n.

n(n—a)

THEOREM 1.6.6. [23] If f € TC(«), then for |z| <,

(1) r— 2(12__0;)742 <|f(z)| <r+ 2(12__‘2) r% and the result is sharp for

f(z)zz—% (z = =£r).
(2) 1= 5=2r < |f'(2)| <1+ 3=2r and the result is sharp for
f(z):z—% (z==£r).

1.7. Functions with positive real part

A function p(z) = 1+ ¢12 + ... is called a function with positive

real part provided
Rp(z) >0, (z€A).

The class of all such function is denoted by P. More generally we

denote by P(«) the class of analytic functions, p € P with

Rp(z) >a (0<a<l).

14



THEOREM 1.7.1. [10] If p(z) € P, then for each fived z in A with
|z| <7, p(2) lies in the closed disk with center at (1+12)/(1 —r?) and

radius 2r/(1 —r?), i.e.,

2r
- 1—r2

1+ 72
1—1r2

‘p(Z)

The diameter end points of the disk that contains p(z) are (1—r)/(14+7)

and (1+7r)/(1—r).

To prove the theorem we use the Lindelof principle which is really

a natural extension of Schwarz Lemma.

DEFINITION 1.7.2. Let By denote the set of all functions of the form

b(z) = bpz" =biz+...
n=1
that are analytic in A and for which |b(z)] < 1 in A. Thus b(2) is
analytic in A, 6(0) =0 and |b(z)| <1 for z in A. Such a function b(2)

is called a Schwarzian function.

THEOREM 1.7.3 (Schwarz Lemma). Let b(z) be in By. Then for

each r with 0 <r <1,
(1.7.1) ‘b(rew” <r
If equality occurs in equation (1.7.1) at one point zg = re with
0 <r <1, then b(z) = €™z for some real a. Additionally
o] = [B(0)] <1

and |b;] = 1 if and only if b(z) = B(z) = e"*z.
15



Theorem 1.7.3 tells us that the univalent function B(z) = €™z is
in some sense a maximal function among all bounded functions with
b(0) = 0, or the bounded functions b(z) are "subordinate" to the uni-
valent function B(z). We make this concept of subordination precise,

and we extend it to an arbitrary function in the following definition.

DEFINITION 1.7.4 (Subordination). Let F(z) = ag + a1z + ... be
analytic and univalent in A and suppose that F(A) = D. If f(z) is
analytic in A, f(0) = F(0), and f(A) C D, the we say that f(z) is

subordinate to F'(z) in A, and we write

f(z) < F(2).

We also say that F'(z) is superordinate to f(z) in A.

We observe that in this definition F'(z) is univalent in A, but
nothing is assumed about the valence of f(z). Both F(z) and f(2)
carry z = 0 into the same point, and f(z) carries A onto some (pos-
sibly multi-sheeted) surface whose projection onto the plane is con-
tained in D. For example, under the conditions on b(z) in Schwarz
Lemma, b(z) < B(z) = €“z. Suppose now that f(z) < F(z) and
F(A) = D. Then the inverse F'~! is analytic in D and maps D onto
A with F~1(ag) = 0. Hence the composite function b(z) = F~1(f(z))
is analytic in A, and maps A into A. Further b(0) = F7'(f(0)) =
F~'(ag) = 0. Thus b(z) is a Schwarzian function, and f(z) = F(b(z)).

We have proved the "only if" part of the following theorem.

16



THEOREM 1.7.5. Let f(z) and F(2) be analytic in A, and suppose
that F(z) is univalent in A. Then f(z) < F(z) in A if and only if

there exists a Schwarzian function b(z) that satisfies

(1.7.2) F(2) = F(b(2)).

The proof of the "if" part of this theorem is trivial. We note that in
the definition of subordination we assume that F'(z) is univalent in A.
The concept of subordination can be extended to the case where F(2)
is not univalent, and the simplest way to do this is to use equation
(1.7.2) as its definition. Thus, f(z) < F(z) if and only if there is a
b(z) in By such that f(z) = F(b(z)). As an example, if n is a positive
integer, then z" < z in A. If we do not demand that F(z) is univalent,

then 22" < 22 in A, but 2?"*! is not subordinate to z? in A.

THEOREM 1.7.6 (Lindelof Principle). Suppose that f(z) < F(z) in

A. Then for each r in [0,1]
f(A,) C F(A,)

where A, = {z : |z| < r}. Further, if f(re?®) is on the boundary of
F(A,) for one point zy = re® with 0 < r < 1, then there is a real o
such that f(z) = F(e'“2) and f(re) is on the boundary of F(A,) for

every point z = re® in A.

PRrOOF. If f(z) < F(z) then by equation (1.7.2) there is a b(z)

such that f(z) = F(b(z)) and b(z) satisfies the conditions of Schwarz’s
17



Lemma. Then f(A,) = F(b(A,)) C F(A,). If there is a z such that
0 <7 =|z| < 1and f(20) is a boundary point of F'(A,), then |b(zo)| =

r. Hence b(z) = €z for some real a and f(z) = F(e'*z). d

1.8. The Herglotz representation formula

THEOREM 1.8.1 (Herglotz). If p(z) € P, then there is a real-valued

nondecreasing function p($) such that

(1.8.1) /0 ' du(p) = 2

and for each z in A

2 Ze—z’¢> 2T )
(182) 90 =5 [ Toeduto) = 3= [ Lol )no)

2m 1—ze” T or
Conversely, if p(z) is defined by equation(1.8.2) and p(¢) is a nonde-

creasing function satisfying equation (1.8.1), then p(z) € P.

COROLLARY 1.8.2. If

(1.8.3) p(z) =1+ ipnzn

is in P, then for alln > 1

2
Pn =~ /0 e dp().

™

THEOREM 1.8.3. Let p(z) given by (1.8.3) be analytic in A and let
U(z) and V (z) denote the real and imaginary parts of p(z) respectively.
Set z = re? and ¢ = 0e™®. If |z| < |s| < 1, then

1

(1.8.4) p(z) = gy

2
/ Uoe®) 2 de + iV (0).
0 C— =z

18



This formula for p(z) is often referred to as the Schwarz’s represen-
tation formula. It expresses p(z) in terms of its real part on a slightly

larger circle || = o > |z].

PrOOF. Using Cauchy’s formula and integrating on the circle |¢| =

0 < 1 we have

(1.8.5) Po = L/ LOFR— /O%p(c)e‘mdqb

21 Jiq=p ST -~ 2mon

n—1

forn=1,2,.... If we put ¢"~* in the numerator, we have instead

1 n 27 )
(1.8.6) 0= [ p =2 [ plpeneas
0

2me ls|=p 2
for n = 1,2,.... We divide the above equation by ¢*", take the conju-

gate and add the result to equation (1.8.5). This gives

1 o N —in
po= o | (0l + B s
™o Jo
1 21 o
= 2U (¢)e™"?d
oo /0 ()e™"?dg
for n = 1,2,... For each such n, we multiply the second of the above

equation by 2™ and add the resulting equations. Since |z| < g, the

convergence of the infinite series we obtain is assured. Thus

e 1 27 0 n 2 p
p(z) =po+ Y _ pad" = 5/0 p(s)dp + > T /0 2U (¢)e ™0 dg
n=1 n=1

, 1 [ 1 [ 2T n
:zV(O)Jr%/O U(§)d¢+%/0 U(s) (;2§7> do

"o

=]

which yields equation (1.8.4). If pg =1, then iV (0) = 0. O
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1.9. Scope of dissertation

The present work is devoted to the study of certain subclasses of
univalent analytic functions defined in the unit disk A = {z : |z] < 1}.
In Chapter 2, we extend S to the class consisting of p-valent func-

tions of the form

A(p,m) = {f(Z) f(2) =2+ Z} ,
p,m €N ={1,2,...}. Note that S € A= A(1,1).

We define a subclass T,[p, m, a] of functions in A(p, m) with neg-
ative coefficients and obtain coefficient inequalities. Distortion and
growth estimates for functions in this class as well as inclusion and
closure properties are also determined. A representation theorem is
derived and the Bernardi integral operator is studied.

Let X, be the class of meromorphic functions of the form f(z) =
Zip + Z,zilfp apz® defined in the unit disk A. Functions in >, are
analytic in the punctured unit disk A* = A — {0}. In Chapter 3,
inequalities are obtained for meromorphic functions in ¥, which are
associated with the Liu-Srivastava linear operator Hzl;m and the mul-
tiplier transform I,(n, A). In addition, we obtain sufficient conditions

for f € ¥, to satisfy a growth inequality.

20



CHAPTER 2

A CLASS OF P-VALENT FUNCTIONS WITH
NEGATIVE COEFFICIENTS

2.1. Introduction

Consider the class of p-valent analytic functions

A(p,m) = {f(z) =2P 4+ Z a,z", (p,meN, z € A)} .
Note that S C A= A(1,1).
Let f,g € A(p,m). The convolution of f(z) = 2P +> 7 a,z" and

g(z) = 2P 4+ 577 b,2", denoted by (f * ¢)(z), is defined by

(fxg)(z) =22+ Z anbn2".
For a fixed function g(z) = 2P+ > 7 g,2", the subclass T,(p, m, «) is

defined by

T,(p,m,a) = {feA(p,m):%(M> >a, 0<a< 1}.

2P

If now g(z) has positive coefficients, i.e.,

g(z) = 22 + Z 92", (gn > 0),

then we shall denote the subclass of Tj(p, m, ) consisting of functions

o0

f(z) =2 — Z a,z", (a, >0)
by T,[p, m, o). We shall prove several interesting properties of functions

with negative coefficients in the class T [p, m, a].
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The class of T'H which is considered by Janteng et.al [13] is a special

case of Ty[p,m,al. In fact, TH = T}[1,2, o] where

z

g(z) = =27 +§ﬁn(n— 1)z"

o0

=2+ n[l+B(n—1)]"

n=2
2.2. Coefficient inequalities
THEOREM 2.2.1. If f € A(p, m) satisfies - |angn| <1—a,0 <

a <1, then f € Ty(p,m, a).

PROOF. Let > |angn| <1 —a. Then

RO IERS v
2P o V74
< Z |an9n||zln_p < Z |angn|
<1-oa.

Thus ‘(f*f% - 1‘ < 1—a. Since —Rw < |w|, we have

R(L2E 1) <i-a

2P

or

NEDION

P B

Q.

Thus f € T,(p,m, a) O

THEOREM 2.2.2. Let f(z) = 2P =Y ", a,2", a, > 0. The func-

tion f belongs to T,[p, m, ] if and only if

o0

Zangngl—a.

n=m

22



PRrOOF. Let f € T,[p,m,al. By letting 2 — 1~ through real values
P

in the condition %{M} > a, we get 1 — 3> a,g, > a. The

converse follows from Theorem 2.2.1. O

COROLLARY 2.2.3. If f € Ty[p,m, |, then for n > m,

l—a
ans bl
gn

and the result is sharp for

f(z) =2 — 0 2"

PRrROOF. Since f € T,[p, m, ], we have

angngf:angngl_a

or

1—«

a, < )

In
Clearly equality holds for
1—a
f(z)=2P — 2"
Gn

2.3. Growth and distortion inequalities

COROLLARY 2.3.1. If f € Ty[p,m,al, then

1— 1—
L < f <P+ —5m pl =1 <1,

Im 'm

rP —

provided g, > g, > 1. These inequalities are sharp for

1—a
f(z)=2P — 2™,
dm

23



Proo¥F. For f(z) € Ty[p,m,a], we have

00 0o
gmzan S Zgnang 1—04,
n=m n=m

or

> 1
Zang _&.
n=m

Im

Therefore for |z| = r,

F(2)]

IN

o]
[P+ 2™ D Je "
n:om

<P+ 2™ an

n=m

11—«

Im

<7rP4rm

l—a

To verify the sharpness, consider the function f(z) = 2P — . z". For

this function, we have

1— 1-
| = Pl - =
m 9m

m—p

[f(2)] = |27 —

z

1 im(1+2k)
We next choose z on |z| = r such that z = (=1)m»r =¢e m» r k=

0,1...,m—p—1. The other inequality is shown in a similar manner. [l

COROLLARY 2.3.2. If f € Ty[p,m,al, then for |z| <r

]__
<1 ()] < prmt o =) e,

9m Im

me1 1 —a

prp’l —rm i,

provided 2 is increasing function of n. The result is sharp for the

function f(z) = 2P — L=2m,

PROOF. Since % is increasing, we have

inan < gﬁiangn < gﬁ(l—()é),
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and hence

F' @) <l + Y nlz"a,

n=m

<prPt 4 rm_lﬂ(l —a).
9Im

For the function f(z) = 2P — lsf—az", we have

1_—
7] = pept — P
opifp — L= oy
9m
i ( k)
Choose z on |z| = r so that z = (—1)m1—p7’ — eiﬁfi r,o ko=

0,1...,m —p— 1. This shows that the result is sharp.

The other inequality is shown in a similar manner. O
2.4. Inclusion and closure theorems

THEOREM 2.4.1. Let g; < gn, a2 < ay. Then

Tg[pa m, al] g Tg* [pa m, 052]‘

PrOOF. If f € T,[p,m, ], then > 7 a,g, <1—a;. Now

o [e.e]
D g <Y angn <1—ay <1— 0y
n=m n=m

so that f € T,[p, m, as]. O
THEOREM 2.4.2. Let f; € T,[p,m,a| fori=1,2,..., N where 0 <
a<1and XN, 8 =1. Then

f(Z) = Zﬁzfz(z) € Tg[p’mao‘]'

25



PROOF. Let f; € T,[p,m,a], be given by fi(z) = 2P +> 77 a, 2"

Then

o0
Z Apign <1 —
n=m

and therefore

o) N N
Z Z ﬂian,z’gn = Z Bi (
i=1

n=m i=1

Z an,iQn)

n=m

< (1—04)2@‘

1=1

=1-oq.

This proves the result. Il

THEOREM 2.4.3. If h(z) = 22 + >~ h,2" satisfies 0 < h,, < 1,

and f € Ty[p,m,a], then fh € T,[p,m,a.

PRrROOF. For f € T,[p,m,al, we have

Z AnGnh, < Z ngn <1 — .
Therefore f x h € T,[p, m, a. O

If f € A(p,m), the Bernardi integral operator is the function

c+p
ZC

F(z)=

/OZ tHf(t)dt, (¢ > —p).

THEOREM 2.4.4. If f(2) € T,[p,m, ], then the Bernardi integral

F(z) € Tylp,m,a], (c>—p).
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PROOF. Since

we have

F(z):zp—zc+nanz .

Thus F(z) = f(2) * h(z) where

c+p
h — P n__ .p hn n
(2) = 2P + ; a2 + T;n z
with h, = cj:p Since 0 < h,, < 1, the result follows from Theorem
2.4.3. U

2.5. A representation theorem

THEOREM 2.5.1. Define the function

hy(z) = 2°

hp(z) = 2 p—lg_—naz", for n=m,m-+1,...

Let A, > 0 and \y+>_0" N, = 1. Then f € Tylp,m,a] if and only if

(2.5.1) F(2) = Xphp(2) + ) Anhin(2)
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Proor. If f is given by equation (2.5.1), then

> l-—a ,
f(z)—)\pzp+nz7;/\n {zp— ™ z ]
:Zp_io:)\nl_azn
n=m Gn
Now
Z)\n n = Z/\n(l—oz)
=1 —-a)(1=2)
<1l—«

Thus from Theorem 2.2.2 | f € T,[p,m,a]. Conversely, let f €

Ty[p, m, a. Define A, by

and

Thus

This completes the proof. O
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CHAPTER 3

INEQUALITIES FOR MEROMORPHIC
FUNCTIONS DEFINED BY CERTAIN LINEAR
OPERATORS

3.1. Introduction

Let X, denote the class of all analytic functions of the form

o0

1
(3.1.1) f(z):g—i— ap?® (z€ A" ={z€C:0<|z| <1})
k=1—p

and let 3, := 3. For two functions f(z) given by (3.1.1) and g(z) =
% + > one1_, biz", the Hadamard product (or convolution) of f and g

is defined by

oo

(3.1.2) (fxg)(z):= l + aphpz® =: (g% f)(2).

2P
k=1—p
For aj € C (j = 1,2,...,]) and §; € C\ {0,—-1,-2,...} (j =
1,2,...m), the generalized hypergeometric function | Fy, (o, ..., ;5 01, ..., Bm; 2)

is defined by the infinite series

()n 2"

n!

> (@1)n...
Fm yee s P15 0oy Py =
l (al a; B Z) nz% (ﬁl)n(ﬁm)n o

(<m+1l,meNy :={0,1,2,...})

where (a), is the Pochhammer symbol defined by

( - _{17 (n=0);
W = Ta) |ale+1)(a+2)...(a+n—-1), (neN :={1,2,3...}).
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Corresponding to the function

hp(alu' "7Oél;/617"'7ﬁm;2) = Zﬁp lFm<a17'"7al;/617"'7ﬁm;2)7

the Liu-Srivastava operator [18] ngl’m)(oq, o0, B) is defined

by the Hadamard product

H[.()l’m)(alv cee 7al;ﬁ17 o 7ﬁm>f(z) - hp(alv s 7O[l;517 cee aﬁm;z) * f(Z)

(@)n+p--(Wntp anz"
+Zn 1=p (B1)n+p-(Bm)ntp (nt+p)!”

To make the notation simple, we write

H;;m[ozﬂf(z) = ngl’m)(al, oo B, B f(2).

Special cases of the Liu-Srivastava linear operator includes the mero-
morphic analogue of the Carlson-Shaffer linear operator L,(a,c) :=
H,§2’1)(1, a; ¢) considered by Liu [16] and the operator D"*! := £, (n +
p, 1) investigated by Yang [26] (which is analogous to the Ruscheweyh
derivative operator), and the operator J., = L,(c,c + 1) studied, for

example, by Uralegaddi and Somanatha [25]. Note that

Jepf = gz /0 tPLE()dt (e > 0).
Motivated by the operator studied by Aouf and Hossen [3] (see also
6, 16, 22]), we define the operator I,(n,\) on ¥, by the following
infinite series

(3.1.3) Ln, N f(z) = — >+ Z (k+)\) k2 (A >p).

k=1-p
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In our present investigation, we extend the following two theo-
rems of Miller and Mocanu [20] for functions associated with the Liu-

Srivastava linear operator Hé’m and the multiplier transform I,(n, A).

DEFINITION 3.1.1. Let H = H(A) denote the class of functions

analytic in A. For n a positive integer and a € C, let
Hla,n] ={f € H: f(2) =a+ a,2" + ap 12" + ...},
with Hy = H[0, 1].
DEFINITION 3.1.2. We denote by @ the set of functions ¢ that are
analytic and injective on A\ E(q), where
E(q) = {s € 0A;1lim g(2) = oo}

and are such that ¢’(¢) # 0 for ¢ € 0A\ E(q).

DEFINITION 3.1.3. Let €2 be a set in C,q € Q and n be a positive
integer. The class of admissible functions W, [(2, ¢] consists of those
functions ¥ : C? x A — C that satisfy the admissibility condition

W(r,s,t; 2) € Q whenever = ¢(<), s = meq'(<),

i} mn{i )

z€ A, € 0A\ E(q) and m > n. We write ¥4[Q, q] as V[, q].

Let Ay = {w : [w| < M}. The function ¢(z) = M{EEe, with M >

0 and |a| < M, satisfies ¢(A) = Ay, q(0) =1,E(q) =0 and q € Q.
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We set U, [, M, a] := ¥,[,¢] and in the special case when Q = A,

we denote the class by ¥,,[M, a).

THEOREM 3.1.4. [20, Theorem 2.3h, p.34] Let p € H[a, )
(1) If v € 1, [, M, a], then
b(p(2), 2p'(2), %" (2); 2) € Q = |p(2)] < M
(2) If ¥ € Vo[ M, d], then
[W(p(2), 20/ (2), 2%p"(2); 2)| < M = [p(2)] < M

To prove our results, we need the following lemma due to Miller

and Mocanu.

LEMMA 3.1.5. [20, c¢f. Lemma 2.2a, p. 19; Lemma 2.2e, p. 25
Let w(z) = a 4+ wy,z™ + --- be analytic in A with w(z) # a and

m > 1. If zp = roe” (0 < 1y < 1) and |w(z0)| = max, <y, |w(z)],

w’(z0)

then zow'(z0) = kw(zo) and R <1 + ZO“’”(ZO)> > k, where k is real and

k>m.
3.2. Inequalities associated with the Liu-Srivastava linear
operator
We begin with the following definition for a class of functions.
DEFINITION 3.2.1. Let GGy be the set of complex-valued functions

g(r,s,t) : C> — C such that

(1) g(r,s,t) is continuous in a domain D C C3,
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(2) (0,0,0) € D and [¢(0,0,0)| < 1,

[e%1 ? al(a1+1) -

‘g< 0 k4+a;—1 19 L4a1 (2k+a1—1)e* )‘ > 1

whenever (e’e, htai—1if Liton(@ktar—l)ef > > 1 for all 6, L,k > 1 satis-
o1 o1 (a1+1)

fying R(e L) > k(k — 1).
Making use of Lemma 3.1.5, we first prove the theorem below.

THEOREM 3.2.2. Let g(r,s,t) € Gy. If f(z) € £, satisfies
(P H ™M oa) f(2), 22 HY ™ o + 1) f (2), 27T HS ™ o + 2] f(2)) € D € C?
and for z € A,
9 (7 o) f(2), 2P HEP o + 1 (2), 27 HE™ o + 21 (2)) | < 1
then we have

| 2P HY o] f(2)| < 1, (z € A).

PROOF. Define w(z) by
(3.2.1) w(z) == T HY o] f(2).

Then

1 > al n+ l)n+ anzn
Zp+1 S p - P
( P Z n+p (ﬂm)n+p (n + p)'

n=1— p

(@)t - ()n1 pp12"
Z ﬁl n—1 - (ﬁm)n 1 (n_1>

is analytic in A and w(z) # 0 at least for one z € A. By differentiating

n=

(3.2.1) and then multiplying by z, we get

aw'(2) = (p+ 1) H ™ [en] f(2) + 277 2 [Hp ™ [en] f(2)] -
33



From the relation

(3.2.2) arHy™[on +1]f(2) = 2[Hy™[oa] f ()] + (e + p) Hy ™ [ou] £ (2),
we get

(3.2.3) a2 HY Mo + 1) f(z) = 2w'(2) + (oq — Dw(2).
Differentiating (3.2.3) and multiplying by z yields

a2 2 Hy g + 1 f(2)) + an(p+ 1) HE on + 1] (2)

= 220" (2) + a2’ (2).

Using (3.2.2) in the above equation, we get

o2 (o + ) HLor + 2] f(2) — (e + p+ 1D HYor + 1]£(2)]
+on(p+ 122 H on 4+ 1] f(2)

= 22w"(2) + a1z (2).

Using (3.2.3) in the above equation, we get

ar(ar + 1) 2P HY g + 2] f(2) = 220" (2) + 20020 (2) + ax (o1 — 1w(z).

If [P HL™ [on] f(2)] < 11is false, then there exists zo with |zp| = o < 1

such that

lw(zp)| = max |w(z)| = 1.
|2|<|z0]
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Letting w(z) = € and using Lemma 3.1.5, we see that

ZgHHjlo’m[Oél]f(Zo) =",

zow'(z0) + (a1 — Dw(2p)

A HY 0 4+ 1) f(20) =

Qi
~ kw(z0) + (1 — Dw(zo)
= o
]{7 —|— a1 — 1 i0
=—"¢

J

aq
and

22w (z0) + 20 20w (20) + (g — 1)w(zp)
aj(a; +1)

L+ 2a1kw(z) + a1 — 1w(z)

B aj(ag + 1)

L4 ay(2k+oq — 1)

B aj(ag + 1)

ZgHHé’m[Oél + 2] f(20) =

Y

where L = 22w"(2) and k > 1. Further, by an application of Lemma 3.1.5,

we have

w'(20) ket®

%{@@E@}—%{ﬁﬂkﬁ}zk—L
or R{e L} > k(k — 1). Since g(r,s,t) € Gy, we have

}9 (ZgﬂHgla’m[@l]f(Zo)a ZgHHzlg’m[Oél + 1] f(20), ZgHH;lo’m[Oél + 2]f(30))|

— ‘g (eie’ k+Oél _ 1ei9 L+Oél<2k—|—a1 - 1)€Z6)‘ Z 17

Y

a1 (03] (041 -+ 1)
which contradicts the hypothesis of Theorem 3.2.2. Therefore we con-

clude that
lw(z2)| = |zp+1HIl;m[oz1]f(z)} <1l (z€A).

This completes the proof of Theorem 3.2.2. U
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COROLLARY 3.2.3. If f(z) € ¥, satisfies
[P H og + 1] f(2)] <1 (Roy > 0)

then

\z”lH[l)’m[al]f(zﬂ < 1.

PROOF. The result follows by taking g(r,s,t) : C> — C to be the

function defined by ¢(r, s,t) = s. For this function,

g(ew?kJral_lew,L+O‘1(2k+0¢1—1)6w) I L B > 1
aq 061<CK1+1) aq
if
|k’+a1—1|2|a1|
or if
(k=1 +2(k — DRay + |a1]* > |aq)?
or if
(k—1)
2Ra > — =1-k.
M=

Since k > 1, this condition holds if #a; > 0. Thus g € G;. The result

follows from Theorem 3.2.2. O

DEFINITION 3.2.4. Let G4 be the set of complex-valued functions
g(r,s,t) : C> — C such that
(1) g(r,s,t) is continuous in a domain D C C3,

(2) (1.1,1) € D and [g(1,1,1)] < 1,
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i0 1+ktare’? 24ktaze’? k[1—k+L+aie’)
3) ’g (6 b 14 7 o2 + (01 +2)(1+k+aqei?) =1,

i0 1+k+aie?® 2+k+aie® k[1—k+L+aie’] .
whenever ( e T T moathraen ) € D with R(L) >

k —1 for real §, ay € C and k£ > 1.
Making use of the above Lemma 3.1.5, we now prove

THEOREM 3.2.5. Let g(r,s,t) € Gy. If f(z) € ¥, satisfies

(H;’m[aﬁuﬂz) Hy™[on +2)1(2) Hé’m[a1+3]f(2)> -

Hy" (] f(z) T Hy"lon + 10 () Hy"[on + 201 (2)

and

' <H;’m[a1+uf<z> Hy" oy +2)f(2) H;;m[a1+3Jf<z>) <l (zed)
Hy [ f(=) " Hy"oa +11(2) By [on +2)f(2) )| |

then we have

<1, (z € A).

|H5m[@l +1/(2)
Hy"[n] £ (2)

PROOF. Define w(z) by

Himoq +1)f(2)

(3.2.4) w(z) = Hon 7(2)

(a1 +D)nyp(+D)ntp anz™
w(z> + Zn 1-p (B1+1 n-H? (Bm+1L)nip (n+p)!

(@) n+tp-(@)ntp anz™
+ Zn 1—p (/Bl n+p-- (Bm)ner (TL-‘rP)!

Then w(z) is analytic in A and w(z) # 1 at least for one z € A. By

logarithmic differentiation yields

aw'(z)  2Hp"oa Ff()]) 2[Hy ] f(2))

w(z)  HY"[og + 1)f(2) Hy™en] f(2)
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and from relation (3.2.2), we get

zw'(2) (o + D)HY™[ay + 2] f(2) — (a1 +p+ 1) H;™ oo + 1] f(2)
w(z) Hy™[aq + 1] f(2)
_oa[Hy"aa +1]f(2) = (o + p) Hp™ [oa] £(2)
Hy™ (o] f(2)
(a1 + 1)H£’m[041 +2]f(2)
Hy™[aq + 1] f(2)

—oqw(z) + (ag + p).

—(a1+1+p)

Thus

Hymlon +2f(2) 1
HyMan +1]f(2) 1+

2w’ (z
{1+a1w(z)+ ( )} :
Differentiating logarithmically, we get

A Hyoa +2f ()] 2[Hy™ oo + 11f(2)]

Hy™or +2]f(2) Hy™oq +1]f(2)

22w (z 2w’ (2 2w’ (2
S o' (2) + 5 - ( wé)))

zw’(2)

w(z)

1+ aqw(z) +

From the relation (3.2.2) we get

(o1 +2)Hy™[on + 3]£(2)
Hy™[on + 2] f(2)

2w’ (2)
B )+ (g +1+p)

— (g +2+p)

— (14 qw(z) +

w
22w (2 2w’ (2 2w’ (2 2
S @)+ 55 - (55)
14+ oqw(z) + ZZES)

Then

Hy™ oy + 3] f(2)
Hy™[on + 2]f ()

w(z)

w(z) 1+ oqw(z) + 22

w(2)

/ " / 2
1 () o)+ ) ()
= 24+ ajw(z) +
2 + o
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1¢ [He " lea 115 (2)

T < 1 is false, then there exists zo with |z9] = 79 < 1
Hy™[on]f(2)

such that

|w(zp)| = max |w(z)| = 1.
|2]<|z0]

Letting w(z) = € and using Lemma 3.1.5, we see that
H;l)’m[al + 1] f(20) o

HE" o) f(z0)
Hy"lon+2f(20) _ 14K+ age”

)

Hy™ o + 1] f(20) I+on
and
H;lo’m[al + 3] f(20) 1

k(1—k)+ kL + kalew]

2+ k i :
|: -+ +051€ + k+1—|—ozle“9

Hy™ay +2)f(20) 2+

where L = Ziﬁl(/z(?))) satisfies R(L) > k — 1, k > 1. Since g(r,s,t) € Gy,

we have

)g (H};m[alﬂ]f(zo) HE™ 0142 £ (20) H;f,’m[alJrS]f(zo))‘
Hy™oa]f(z0) " Hp™[ea+1]f(20) " Hy ™o +2]f(20)

_ i0 1d+k+oqe® 1 i0 | k[l—k+L+aie?)
- ’g (6 o ldar T a2 [2 Tkt e + k+14+aqet? > 1,

which contradicts the hypothesis of Theorem 3.2.5. Therefore we con-

clude that
HYm g +1]f (2
w(z)| = |2 l[ml LG (z € A).
Hy"[aa] f(2)
This completes the proof of Theorem 3.2.5. O

3.3. Inequalities associated with multiplier transform

In this section, we prove results similar to Theorem 3.2.2 and The-
orem 3.2.5 for functions defined by multiplier transform. We need the

following:
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DEFINITION 3.3.1. Let G5 be the set of complex-valued functions
g(r,s,t) : C®> — C such that
(1) g(r,s,t) is continuous in a domain D C C3,

(2) (0,0,0) € D and [g(0,0,0)] < 1,

0 A—ptk—1 i L+[(2A—2p—1)k+(A—p—1)2]e?
NS ER—T

i0 A—p+k—1 io L+[2A\—2p—1)k+(A\—p—1)3]e* . i
whenever (ee, f\’J_rp Leid LE(( ”(A)_;)g p—1)7] )GD,Wlth R(e L) >

k(k —1) for real ,\ > 0 and k > 1.
THEOREM 3.3.2. Let g(r,s,t) € Gs. If f(z) € ¥, satisfies
(2P L (n, A) f(2), 2P L (n+ 1, M) f(2), 2P L (n 4+ 2,0) f(2)) € D C C?
and
|g(ZPT L (0, N) f(2), 2P L (n+ L) f(2), 22T L (n+ 2, M) f(2))] <1, (2 €A),
then we have

2P L (n, N f(2)] < 1, (z € A).

PROOF. Define w(z) by

(3.3.1) w(z) == 2P (n, \) f(2).

=~ (k—p—1\"
=z + Z ()\—fp> ak,pflzk
Then w(z) is analytic in A and w(z) # 0 at least for one z € A.

Differentiating (3.3.1) and multiplying by z yields

aw'(2) = 27 a(Ly(n, N f(2)) + (p+ D)2 Ly (n, A f(2)-
40



From the relation

(3:3.2) (A =p)p(n+ LA [(2) = 2[Lp(n, A) f(2)]" + Mp(n, A) f(2)
we get

aw'(z) = 2PN = p)L(n + 1L,A) f(2) = Ap(n, ) f(2)] + (0 + Dw(2).
Then we get

aw'(z) = (A= p)" L (n+ LA f(2) = dw(z) + (p + Dw(2).

And hence

(333)  (A=p) T L(n+1,\)f(2) = 2w (2) + (A —p— Dw(z).
Differentiating (3.3.3) and multiplying by z yields

20 Ip(n, A) f(z0) = €7,

zgﬂfp(n + 1,A) f(20) =

and

L+ (22X —2p — Dkw(z) + (A —p — 1)%w(z)
(A =p)?
L+[2\=2p—1Dk+ (A —p—1)%e"
(A —p)? ’

ngIp(n +2,A) f(20) =

where L = z2w”(zp) and k& > 1. Further, an application of Lemma 3.1.5

we obtain that

%{w}:%{w}qu

w'(20) ket
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or R{e L} > k(k — 1). Since g(r, s, t) € G5, we have

|9 (2" (1, X) f(20), 277 (0 + 1, A) f(20), 277 Ty (n+ 2, M) f(20)) |

0o A=p+k—1 ., L+[2X\=2p—1Dk+ (A —p—1)%e?
— ez7 617 5 217
A=p (A—p)

which contradicts the hypothesis of Theorem 3.3.2. Therefore we con-

clude that
lw(z)| = [P L(n, N f(2)] <1, (2 €A).

This completes the assertion of Theorem 3.3.2. U

COROLLARY 3.3.3. If f(z) € X, satisfies
2P L A+ 1) f(2) <1, (RA>p)

then

P L (n, M) f(2)] < 1.

PROOF. The result follows by defining g(r, s,t) : C> — C by g(r, s, t) =

s. For this function, we have

‘g(e“’ )\—p+kz—1ei9 L+[(2/\—2p—1)k+()\—p—1)2]6i9>’:‘A—erk:—lew

> 1
A= ’ (A —p)? A—p

Provided
(k=12 42k =R\ —p) + [A—p|* = X —p[*.

This is equivalent to

1\2
2%(A—p)z—<l};_11> =1-k k21,

which holds if (A — p) > 0. Thus g € Gs. d
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DEFINITION 3.3.4. Let G4 be the set of complex-valued functions
g(r,s,t) : C®> — C such that
(1) g(r,s,t) is continuous in a domain D C C3,
(2) (1,1,1) € D and |g(1,1,1)] < 1,

; i k €i9+L+i—k
@ Jo (e + o5+ thnis])

> 1,

k[ei0+ L4+1—-Fk

e ]) € D with RL > k—

i0 0 ki _k bl S =
whenever <e S o v v M Ve v

1 for real , A > 0 and real k > 1.

THEOREM 3.3.5. Let g(r,s,t) € Gy. If f(z) € ¥, satisfies

Lin+ 1N f(2) L(n+2,N)f(2) I(n+3,\)f(2) 3
( %@AU@)’%@+LAM@V@W+ZMﬂ@)GDCC
and
Ln+1,0f(2) L(n+2,0f(2) Ln+3\)/(z)
'( @@Aﬁ@)’@@+LAV@V@@+ZAV@Q'<L (e 8),

then we have

Ln+1,))f(2)

Ip(n, A) f(2)

<1, (z € A).

PROOF. Define w(z) by

=14ez+e22+....

Then w(z) is analytic in A

Q

nd w(z) # 1 at least for one z € A. By

logarithmic differentiation, we get

2w'(z) 2+ 1L,Nf(2)" 2L, N ()

w(z) Ln+1,X)f(2) L(n,\) f(2)
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By making use of (3.3.2) we get

2w’ (2) _ A=p),(n+2,\)f(2) = (N ,(n+1,X\)f(2)
w(z) Ln+1,\)f(2)
(A =pLn+1LA)f(z) = My(n,A) f(2)
]p(nv AN f(2)
_ (A= L(n+2,Nf(z) (s
T Ln+LNf(2) (A =p)u(z).

Then

A=pLn+2,0N)f(z) z2uw'(z) — pw(z
L L = el + (A = pw(z).

Differentiating logarithmically the above equation yields

2(L,(n+2,\)f(2))  z(L(n+1,N)f(z))

Ln+2,0N)f(z)  Ln+1,\f(2)
220" (2 2w (2 2w’ (z 2
(A= p)zw'(z) + w(zﬁ) + wé)) - ( wé)))

O — () + 28
From the relation (3.3.2), we get

A =p)h(n+3Nf(z) = Mp(n +2,M)f(2)

A =p)L(n+2,0) f(2) = Mp(n+1,0) f(2)
I(n+2,)\)f(2)

Lin+1,))f(2)

. ’ 22w (2) 2w'(z) [ zw'(2) 2
B ()\ p)Z'LU (Z) + w(z) + w(z) < w(z) >

: (A= ppu() + 55

w(z)
Then
_ !
A=PLE3NE) oy 2
L(n+2,0)f(2) w(z
220" (2 2w (2 2w’ (z 2
_ A —p() + o e < wé)))
(A = pu(z) + 2
and hence

L(n+3,\)f(2)
L(n+2,\)f(2)

. / 22w’ (2) zw'(z) [ zw'(2) 2
1 zw'(z) 1 |:<>\ p)zw'(z) + w(z) + w(2) ( w(2) ) ]
=w(z)+ JR—r + b

(A= pu(z) + 2L
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If % < 1 is false, then there is exists zy with |z9] = ro < 1
such that
lw(zp)| = max |w(z)| = 1.
|2|<]20]

Letting w(zp) = € and using Lemma 3.1.5, we see that

Lin+ LA f(20) 4

]p(n’ )‘)f<Z0) 7
L2 0f G a k
L(n+1,))f(20) A—p’

and

L(n+3,A)f(20)
Lt () A—p  O—pe ik

where L = zyw"(z9)/w'(20) and k > 1. Further, an application of

Lemma 3.1.5, we obtain that
"
Y LGN
w'(20)
or RL > k — 1. Since g(r, s,t) € G4, we have

‘g (Ip(n + LA f(z0) L(n+2,M)f(20) Ip(n+3, )\)f(zo)) '
I(n, M) f(z0) " Ip(n+1,A)f(20)" Ip(n +2, ) f ()

0 | Ltl-k
P P L ++k[e . H’} > 1
(A WL L N S O s ey o )

which contradicts the hypothesis of Theorem 3.3.2. Therefore we con-

clude that
L(n+1,\)f(z)
w(z)| = <1,
= )
for all z € A. This completes the assertion of Theorem 3.3.5. O
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CHAPTER 4

SUMMARY

The present work is devoted to the study of certain subclasses of
univalent analytic functions defined in the unit disk A = {z : |2| < 1}.
In Chapter 2, we extend S to the class consisting of p-valent analytic

functions

A(p,m) = {f(z) cf(z) =2+ i a,z" is analytic in A } :

n=m

p,m €N ={1,2,...} Note that S C A= A(1,1).

We denote a subclass Ty[p,m,a] in A(p, m) with negative coeffi-
cients and obtain coefficient inequalities. Distortion and growth esti-
mates for functions in this class as well as inclusion and closure proper-
ties are also determined. A representation theorem is derived and the
Bernardi integral operator is studied.

Let X, be the class of meromorphic functions of the form f(z) =
zip + Zzo:l,p apz* defined in the unit disk A. Functions in >, are
analytic in the punctured unit disk A* = A — {0}. In Chapter 3,
inequalities are obtained for meromorphic functions in X, which are
associated with the Liu-Srivastava linear operator Hyl;m and the mul-
tiplier transform I,(n, A). In addition, we obtain sufficient conditions
for f € ¥, to satisfy a growth inequality.
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